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Abstract

We provide explicit quasi-isomorphisms between the following three algebraic structures as-
sociated to the unit interval: i) the commutative dg algebra of differential forms, ii) the non-
commutative dg algebra of simplicial cochains and iii) the Whitney forms, equipped with a
homotopy commutative and homotopy associative, i.e. Cy, algebra structure. Our main inter-
est lies in a natural ‘discretization’ C'», quasi-isomorphism ¢ from differential forms to Whitney
forms. We establish a uniqueness result that implies that ¢ coincides with the morphism from
homotopy transfer, and obtain several explicit formulas for ¢, all of which are related to the
Magnus expansion. In particular, we recover combinatorial formulas for the Magnus expansion
due to Mielnik and Plebarnski.
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Introduction

The purpose of this paper is to construct several explicit quasi-isomorphisms between three
algebraic structures associated to the unit interval [0, 1], and study some of their properties. The
first algebraic structure we consider is the commutative dg algebra of differential forms €*([0, 1])
— with the usual de Rham differential and wedge product. The other two structures are defined
on the subcomplex C*(]0, 1]) € Q*([0, 1]) of Whitney forms

C*([0,1]) ={at +b(1 —t)|a,b € k} & {cdt|c € k},
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consisting of affine functions and constant one-forms on [0,1]. Notice that, as a complex,
C*([0,1]) is isomorphic to the complex of simplicial cochains on the one-dimensional simplex: as
such, it is equipped with a dg algebra structure via the usual cup product U of cochains, and we
denote this dg algebra by C%([0,1]). The cup product U is not graded commutative.

On the other hand, since the inclusion ¢ : C*([0, 1]) < 2*([0, 1]) is a quasi-isomorphism of
complexes, the general transfer theorems of homotopical algebra guarantee the existence of a
homotopy associative and commutative — i.e., a C'r, — algebra structure on C*([0, 1]). The latter
was worked out explicitly in the papers [7, 9, 25|, cf. Theorem 1.1 in Subsection 1.1 below, and
its Taylor coefficients are given in terms of Bernoulli numbers. We denote C*([0, 1]), equipped
with this Cy algebra structure, by C% ([0, 1]).

Furthermore, and again by homotopy transfer, one obtains a deformation of the inclusion
¢ C*(]0,1]) — Q*(]0,1]) into a quasi-isomorphism u : C% ([0,1]) — ©2*([0,1]) of C algebras —
see |7, 9, 25] for explicit formulas in terms of Bernoulli polynomials, and in particular |7] for the
verification that one obtains indeed a morphism of Cy, algebras (a different proof can be found
in Appendix B).

The C algebra C% ([0, 1]) contains — in a precise mathematical sense — the same information
as the commutative dg algebra 2*(]0, 1]). Since C%_([0, 1]) is finite-dimensional, one can think of
it as a natural discretization of Q*([0,1]) — see also [25] for the corresponding interpretation of
C*.([0,1]) in terms of a discretization of BF-theory on the interval. The map p then provides a
canonical way to relate the discretization C% ([0, 1]) to the original structure on Q*([0, 1]).

At this point, the following question naturally arises:

How to explicitly construct a homotopy inverse to p: C% (]0,1]) — Q*([0,1])?

Or, to put it differently: how to provide a morphism from Q*([0,1]) to its discretization? In
principle, one can again invoke the general transfer theorems of homotopical algebra, such as
those established in [16, 22]. However, this turns out to be a non-trivial task — in particular, we
do not know how to obtain explicit formulas this way.

To circumvent this problem, we make use of the fact that, as a complex, C*([0, 1]) coincides
with the simplicial cochains on [0, 1]. The relation between the dg algebra of smooth, singular
cochains C*(M) on a manifold M, and the dg algebra of differential forms Q*(M), is well-
understood: First, recall that de Rham’s Theorem asserts that integration of forms over simplices
provides a quasi-isomorphism of complexes

/:Q*(M) (M.

Moreover, one can prove, cf. [12], that the chain map [ admits a refinement to an A, quasi-
isomorphism between (2*(M), d, A) and (C*(M), §,U), which implies that integration induces an
isomorphism of algebras at the cohomology level. A rather explicit refinement in terms of Chen’s
iterated integrals was provided by Gugenheim in [13]. In our setting, Gugenheim’s construction
yields an explicit Ay, quasi-isomorphism

A Q7([0,1)) — C([0, 1]).
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We combine p and A to produce the following diagram

Z

WAANN

exp

HZ

which yields, in particular, an explicit Co, morphism ¢ from Q*([0,1]) to its discretization

(0,1

(1)
(2)

(3)

]). Let us briefly describe the constituencies of the diagram:

 is the quasi-isomorphism from C%_ ([0, 1]) to ©*([0, 1]) obtained by homotopy transfer.
A is a special case of Gugenheim’s A, morphism between differential forms and smooth,
singular cochains.

exp is an isomorphism of A, algebras, defined as the composition

exp : O ([0,1]) 25 (0, 1) & ¢([0, 1)),

—! is its inverse. Both have a simple description in Taylor coefficients:

and log = (exp)
their linear part is the identity, and the higher Taylor coefficients vanish unless all their
arguments are one-cochains, in which case we recover the Taylor coefficients of the functions
exp(z) — 1 and log(z + 1) respectively.

v is an A, morphism right inverse to A, defined as the composition
* lo * *
7 CH([0,1]) =% C([0,1]) & ([0, 1]).

We derive explicit formulas for v in Proposition 1.7 in Subsection 1.2.
@ is a C morphism left inverse to p, defined as the composition

o ([0,1]) 2 €5 ((0,1]) =% Cx([0,1)).

The morphism ¢ is the main object of this paper. We shall derive explicit, as well as
recursive, formulas for ¢, and find interesting connections with Lie theory and the Magnus

expansion.

Our main results concerning ¢ are:

(i)

 is indeed a C'y, morphism, which is not evident from its definition as the composition of
two A morphism. We prove this directly in Corollary 2.7 in Subsection 2.1 and indirectly
in Corollary 2.14, Subsection 2.3. For the direct argument, we show the identity ¢, =
Ap o E*, where ¢,, A, are the n’th Taylor coefficients of ¢ and A respectively, and E* is
a canonical projector vanishing on the image of the shuffle product. More precisely, E*
is the adjoint to the first Eulerian idempotent E, which is a canonical projector from the
tensor algebra onto the free Lie algebra, see [27].

¢ (as well as A, exp, log) is uniquely characterized by the property that its higher Taylor
coefficients vanish whenever one of their arguments is a zero-form. As a consequence, we
show that ¢ coincides with the morphism constructed via homotopy transfer formulas, as
in [16, 22].
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(iii) After scalar extension by a dg Lie algebra, our explicit formulas for ¢ recover known
formulas for the Magnus expansion, see [20, 17, 23|.

To add some perspective on the previous diagram, we remark that it continues to make sense
after we replace the interval/one-simplex [0, 1] by any manifold/simplicial set M. We already
observed this for Gugenheim’s Ao, morphism A : Q*(M) — C(M). The Cy algebra C% (M)
and the Co morphism p : C% (M) — Q*(M) can be defined as before via homotopy transfer
(along Dupont’s contraction, see [8]). Finally, the rest of the diagram can be defined as before:
in particular, exp : C* (M) £ Q*(M) 2 CY(M) continues to be an Ao isomorphism with
linear part the identity. We remark that the previous diagram is natural in M, and in particular
our formulas continue to apply when M is a one-dimensional simplicial set. To the authors’
knowledge, it is both an hard and interesting open problem to better understand the higher
dimensional case. Let us point out some topics to which this problem is related:

e Rational homotopy theory: the composition of the functor C (—) and the Chevalley-
Eilenberg functor from C., algebras to (complete) dg Lie algebras yields a functor L(—)
from simplicial sets to (complete) dg Lie algebras, representing the underlying Quillen’s
equivalence from rational homotopy theory, see [3]. In this context, the A, isomor-
phism exp from the previous diagram corresponds to an isomorphism of dg algebras
QC (M) =N U(L(M)), where U(L(M)) is the universal enveloping of L(M) and QC, (M)
is the natural simplicial analog of the Adams-Hilton model studied in [14, 21]. More con-
cretely, QC, (M) is the cobar construction of the dg coalgebra Cy (M) of normalized chains
on M. It would be interesting to compare the cocommutative dg Hopf algebra structure
induced on QC, (M) by the previous isomorphism and the one studied in the papers [14],
[21, App. D], which is cocommutative only up to homotopy. This would open up the
possibility to use the results of the latter reference to get explicit comparisons between
L(M) and other classical models for the rational homotopy type of M. We briefly address
the particular case of M = [0,1] in Remark 2.21, Subsection 2.3. In this case, the dg Lie
algebra L([0,1]) recovers the well-studied Lawrence-Sullivan model of the interval [18] (as
was proved in [7], thus answering a question posed by Sullivan).

e Derived deformation theory: the functor L(—) from the previous paragraph is a left adjoint
to Getzler’s higher generalization of the Deligne groupoid functor, see [11, 10| and the
first author’s PhD Thesis. In this context, the previous diagram encodes the equivalences
between three models of the derived deformation theory associated to a dg Lie algebra g:
the one considered by Hinich in [15], the one considered by Getzler in [11| and the one
considered by Behrend and Getzler in [2, Section 8| (the latter makes sense only for dg
associative algebras, so either we assume that the Lie bracket on g is the commutator of
an associative product or we replace g by its universal enveloping algebra). In the one-
dimensional case, the three Lo, algebras 2*(]0, 1]; g), C% ([0, 1]; g) and C([0, 1]; g) obtained
via scalar extension by g (again, the latter makes sense only in the associative setting)
encode, via the respective Maurer-Cartan equations (cf. for instance [9, Section 7]), three
different notions of gauge/homotopy equivalence between Maurer-Cartan elements in the
dg Lie/associative algebra g. As is well-known, these three equivalence relations coincide,
and our diagram established this fact by providing direct comparisons.

o Mathematical physics: Let M be an oriented manifold and g a Lie algebra. From these
data one obtains a topological field theory on M, known as BF-theory. Its classical action
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functional reads
Spr: QN (M;g) @ QU 3(M;g*) — R,
1
(A,B) +— / < B,dA+ -[A, 4] >:/ < B,Fy >,
M 2 M

where < -,- >: g* X g — R is the natural pairing. In this theory, the induced L., algebra
structure on Whitney forms with values in g corresponds to the tree-level effective action
functional S’f® on the space of infrared fields, obtained by integrating out ultraviolet fields,

see [25]. Moreover, the Wilson loop observable W.,, given by
W, (A, B) = tr(hol,(A)),

where v : S — M is a loop and hol,(A) is the holonomy of the connection A around +,
can be expressed in terms of Chen’s iterated integrals. For the case of [0, 1], one is therefore
naturally led to consider A and log oA. We remark that several higher dimensional general-
izations of the Wilson loop observables were constructed and studied in the mathematical
physics literature, see for instance [5, 26].

Let us conclude the introduction of this paper with a brief outline of its structure.

In Section 1, we recall the Cy algebra structure on the space of Whitney forms C*([0, 1]),
along with the Cs morphism g from C*([0,1]) to ©*([0,1]), and Gugenheim’s morphism A
from differential forms to simplicial cochains. In Subsection 1.3, we compute exp := Ao pu :
C%.([0,1]) — C¥([0,1]), as well as its inverse log. Moreover, we work out the morphism

v (10, 1]) 5 € ([0,1]) & 9 ([0, 1])

in Subsection 1.4.
In Section 2, we introduce and study the morphism

o 7 ([0,1]) 3 (0, 1]) ¥ € ([0, 1))

We start in 2.1 by establishing explicit formulas for ¢. The first formula expresses the n’th
Taylor coefficient ,, of ¢ in terms of an integral over the geometric n-simplex, see Theorem 2.2.
In Proposition 2.6 we express the Taylor coeflicients of ¢ in terms of the adjoint E* to the first
Eulerian idempotent. Together with a symmetry property of E*, Proposition 2.6 implies that
@ is a morphism of Cy, algebras, see Corollary 2.7. In Theorem 2.10, we establish a recursive
description of ¢, which is inspired by [17]. In Subsection 2.3, we establish a uniqueness result
for morphisms between (very) special Ay, algebras, and Cy, algebras, respectively. This result
applies to ¢, and as consequences we deduce that 1) ¢ coincides with the morphism obtained
from homotopy transfer and 2) we obtain a second proof that it is a morphism of C, algebras.

In Section 3, we study the pushforward along ¢, after extension of scalars to a dg algebra A,
or a dg Lie algebra g, respectively. In the latter case, we recover known formulas for the Magnus
expansion.

The two appendices provide background material on A, Lo and C algebras.

1. Differential forms on the interval

We briefly review three algebraic structures associated to the interval [0, 1], as well as the known
morphisms between them. We refer the reader to the Appendix for an explanation of our notation
and terminology concerning A, Lo and Cy, algebras.
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1.1 Differential forms and Whitney forms Throughout the article, 2*([0, 1]) denotes the
graded vector space of differential forms on the closed interval [0,1]. To be more precise, there
are two variants of *([0, 1]) which we will consider:

e the space of real-valued, smooth differential forms on [0, 1}, denoted by €23 ([0, 1]), equipped
with the structure of a commutative dg algebra via the de Rham differential d and the wedge
product A.

e the space of k-polynomial forms on [0, 1], where k is a field of characteristic zero, denoted
by Q:([0,1]): formally, Q7 ([0,1]) = Q2([0,1]) & Q£(]0,1]) = k[t] @ k[t]dt, where k[t] is the
polynomial algebra over k. Again, this is a commutative dg algebra via the wedge product
p(t) A q(t) = p(t)q(t), p(t) A q(t)dt = p(t)q(t)dt, p(t)dt A q(t)dt = 0 and the differential
d:p(t) — p/(t)dt and d : p(t)dt — 0.

Since most of our constructions work in both contexts, we will usually just use 2*([0,1]) to refer
to either variant.

The subcomplex of Whitney forms is the graded vector subspace of Q*([0,1]) given by the

affine functions and constant one-forms, i.e.

C*(0,1]) = €°([0,1]) & C1([0,1]) = {at + b(1 — ) | a,b € k} & {cdt | c € k}.

Notice that this space is closed under the differential d, but not under multiplication. How-
ever, C*(]0, 1]) can be identified with the complex of simplicial k-valued cochains on the standard
1-dimensional simplex. As such, we might equip C*([0, 1]) with the cup product U, which is de-
termined by the fact that the constant function 1 is a unit and that the relations

tut=t, tUdt=0 and dtUt=dt

hold. The cup product is associative and compatible with d, hence it makes C*([0,1]) into a dg
algebra. We denote this dg algebra by C([0, 1]), and emphasize that the cup product is not
graded commutative.

In order to retain some form of commutativity on C*([0,1]), one can use homological per-
turbation theory, as done in the references [16, 22|, to transfer the wedge product on *([0, 1])
down to a homotopy associative and homotopy commutative algebra structure, i.e., a Co-algebra
structure, on C*([0, 1]). We refer to the Appendices for a short reminder on these algebraic struc-
tures. To carry out the transfer of the wedge product from Q*([0,1]) to C*([0,1]), we first need
to fix suitable contraction data from *([0,1]) to C*([0,1]). Following [7, 9, 25| we consider
Dupont’s contraction (cf. [8]), which is given by the inclusion ¢ : C*([0,1]) — 2*(]0,1]), the
chain map

m:Q0([0,1]) = C°([0,1]), [ = f(Lt+ FO0)(1—1)
1
7 QY[0,1]) = C([0,1]), a(t)dt (/0 a(7‘)d7‘> dt

and the chain homotopy
1 t
B QY([0,1]) = Q9(0,1)), a(t)dt — t/ a(7)dr —/ o(7)dr.
0 0

We notice that the side-conditions

hoh=0, hot=0 and woh=0
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are satisfied.

The resulting homotopy algebra structure on C*([0, 1]) was explicitly worked out in [7, 9, 25].
Below we denote by s the suspension endofunctor on the category of graded vector spaces, see
Appendix A for our conventions related to A, algebras.

Theorem 1.1 ([7, 9, 25]). The maps m 41 : sC*([0,1])®" ! — sC*([0,1]), n > 1, determined
by
o unitality with respect to the constant function 1,
e my(st ® st) = st, ma(st ® sdt) = Ssdt, ma(sdt @ st) = —1sdt,
e forn > 1 the map my+1 vanishes unless precisely one of its arqguments is a function and
one has

M1 ((sdt)® @ st @ (sdt)®" ") = ((—1)"! (”) B—’,"‘)sdt,

1 n.

equip the complex (C*([0,1]),d) with the structure of a unital C-algebra. Here By, is the n’th
Bernoulli number, defined in terms of the generating function

z 2"
e —1 ZﬁBn

We denote C*([0, 1]), equipped with the C, algebra structure given by the maps (d, mg, ms, ... ),
by CZ,([0,1]).

The Cu algebra structure on C*([0,1]) comes with a quasi-isomorphism of C, algebras
s O ([0, 1) = 2%((0, 1)),

whose linear part is the inclusion C*(]0,1]) < Q*([0,1]), see |7]. Explicit formulas for u were
worked out in [9, 25].

Proposition 1.2 (|7, 9, 25]). There is a Coo morphism
p: C5([0,1]) — Q7([0,1])

whose Taylor coefficients are determined as follows:
o 1 1s unital.
o The linear part uy s the inclusion.
e Forn > 1, pp41 vanishes unless precisely one of the inputs is a function and one has

D)

fins1((sdt)® @ st @ (sdt)®" ") =5 <(_1)2<

Here B, (t) is the n’th Bernoulli polynomial, defined in terms of the generating function

zetz Zn
= > mBn(t).

n>0

1.2 Gugenheim’s A, -morphism A\ Let X be a smooth manifold. In [13] Gugenheim con-
structed an A, quasi-isomorphism Ax from the de Rham dg algebra Q2 (X) of smooth, real-
valued differential forms on X to the dg algebra of singular, smooth R-valued cochains on X.
The construction relies on Chen’s theory of iterated integrals 6], see also the exposition in [1].
We obtain the following result when we specialize Gugenheim’s construction to X = [0, 1]:
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Theorem 1.3. There is a unital Asg-morphism A : Q*([0,1]) — C¥(]0,1]) whose Taylor coeffi-
cients are determined as follows:

e The linear part A1 is the chain map 7 from Subsection 1.1.
o Forn > 1, A\, vanishes on tensor products that contain a factor which is a zero-form.
e Forn > 1 we have

An(say(t)dt @ - - - @ sa,(t)dt) = / ai(ti)---an(ty)dty - - dty, | sdt.

<1< <tp<1
We provide a direct proof of this fact below.

Remark 1.4. We remark that the previous theorem remains true when Q*([0, 1]) = Q5([0, 1]) is
the dg algebra of k-polynomial forms: in this case, given p(t1,...,t,) € k[t1,...,t,] and s € k,
the integral f0<t1<m<tn<8p(t1, ..y ty)dty - - - dt,, can be evaluated formally by setting

h—1 L1 glit+ln
it dty o dty, =
/ogtlg...gtngs ! " " ll(ll + l2) s (l1 +---+ ln)

for all positive intgers l1, ..., 1y.

Proof. Let us evaluate the defining relations for A to be an A,, morphism on a tensor prod-
uct of elements in sQ*([0,1]). We do this by considering three separate cases, which cover all
possibilities.

First, suppose all factors are one-forms. Then by degree reasons, the defining relation takes
values in the component of degree two of C*([0,1]), which is zero.

The second case to consider is that two or more of the factors are zero-forms. Since A,
vanishes for n > 1 if one of the inputs is a zero-form, the defining relation is trivially satisfied in
this case as well, unless we consider precisely sf1(t) ® sfa(t). Then the defining relation for A to
be an A, morphism reads

m(f1(t) f2(t)) = w(f1(8)) Un(fa(t)),

which follows immediately from the definitions of 7 and U.
Finally, we consider an element of the form

sai(t)dt ® -+ @ sa;(t)dt @ sf(t) ® saj+1(t)dt @ - - - @ sa,(t)dt

with n > 0 and work out the defining relations of A being an A,, morphism, evaluated on such
an element.
If 0 < ¢ < n we obtain

df

/ ar(ty)---ai(t;) (dt(tiﬂ)) aip1(tiya) - - an(tny1)dty - - dtngy

[e=]

<t1 < <tp4+1<1
!

= / ar(t) -+~ ai(t;) <f(ti+1)ai+1(ti+1)>ai+2(ti+2) e ap(ty)dty - - - dty,
0<t; < <tn <1

- / ai(ty) - 'aifl(tifl)(ai(ti)f(ti))ai+l(ti+1) o ap(ty)dty - - - dty

0<t1<-<tn<1
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which is a consequence of Stokes theorem. For the extremal case i = 0, we obtain,

/ <2Z(t1)) ay(ta) -+ apn(tni1)dts - - - dipi il

0<t1 < <tp4+1<1

( f(tl)al(t1)>a2(t2) e ap(tn)dty - - din

0<t1 <+ <tn<1

—(0) / a1(t1) - an(ta)dts -~ db | |

<t <--<tn<1

while for ¢ = n, we obtain

/ ar(t1) - an(tn) <2J; (th)) dty - dtpi L

0<t1 < <tp4+1<1

/ 01(t1) - an(ta)dts - dty, | F(1)

<1< <tn<1
- [ ) ante) () £ )t
0<t) <<t <1
Also the latter two equations are immediate consequences of Stokes theorem. 0
It is well known that iterated integrals behave well with respect to the shuffle product [6]: in

the case of the interval, we have the following proposition, which we will use in the next section.

Proposition 1.5. We denote by pA : T(sQ'([0,1])) — sC*([0,1]) = k the corestriction of the
degree zero part of Gugenheim’s morphism: then pA is a morphism of commutative algebras,
where we equip T(sQ([0,1])) with the shuffle product ® (cf. Appendiz B).

Proof. Denoting by A; = {(t1,...,t;) € Rl s.t. 0 <t; < --- < t; < 1} the i-dimensional simplex,
we have

)\j (sa1 (t)dt - say (t)dt) Dy (saj+1(t)dt X ® saHk(t)dt) =
= / al(tl) cee ajJrk(thrk)dtl s dtj+k7
A XAk

Using the natural triangulation of A; x Ay

H AngA]‘ XAk, (tly---;tn> ii) (ta(l)v"'vta(n))7
c€S(j,k)

where S(j, k) is the set of (j, k)-unshuffles, we can rewrite the right hand side of the previous
equation as

/ ar(t1) - ajpr(tjrn)dly - b =

AjXAk

= > / a1(to(1)) - @k (to(iry)dir - - dtji
ceS(4,k)

= > / ag—1(1)(t1) Qo1 1a) (Ejrr)dls - - dbjp
oceS(j,k)

= /\n((S(ll( )dt R &® Saj( )dt) ® (saj+1(t)dt Q- Q& S(Lj+k(t)dt)),
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by definition of the shuffle product ®. O

1.3 Comparing two structures on Whitney forms We can now combine the Cy, mor-
phism p : C% ([0,1]) — Q*(]0,1]) with the A morphism X : Q*([0,1]) — C¥([0,1]). Since
the linear part of the composition A o u is the identity, we obtain an A, isomorphism between

C3.([0,1]) and C75((0, 1]).
Proposition 1.6. The Taylor coefficients of the unital Ao isomorphism
exp i= Ao s Ol ([0, 1]) = €5 ([0, 1))

are determined as follows:
o The linear part exp, s the identity.
e Forn > 1, exp,, vanishes on tensor products that contain a factor of degree 0.
e Forn > 1, we have .

sdt.
n!

exp,(sdt ® - - - ® sdt) =

The inverse log : C([0,1]) — CZ% (]0,1]) to exp is the unital Ay isomorphism whose Taylor
coefficients are determined as follows:

o The linear part of log, is the identity.

e Formn > 1, log, vanishes on tensor products that contain a factor of degree 0.

e Forn > 1, we have
(_l)nJrl
n

log, (sdt ® - - - ® sdt) = sdt.

Proof. Let us first consider the map exp: we already observed the assertion about the linear
part.
If we evaluate exp,, 1, n > 1, on a tensor product of the form

(sdt)® @ st @ (sdt)®" ™,

only the contribution from 7,1 ((sdt)®* ® st ® (sdt)®"~*) can be non-zero, since all higher order
terms of A map tensor products which contain a factor that is a zero-form to zero. Hence we
obtain

expyi1((sdt)® @ st @ (sdt)®" ) = (-1)@‘<’Z> <B”+z;1)+_1>?”+1>st:0,

since By11(1) = B4 for n > 1.

On the other hand, only )\nu?" contributes to the evaluation of exp,, on the tensor product
(sdt)®", since the higher order terms of y vanish unless precisely one argument is a function,
and we find

exp,(sdt ® - - - @ sdt) = / dty---dt, | sdt = %sdt,
<t1 <<t <1
as desired. Finally, it is clear by degree reasons that exp,, vanishes if two or more arguments are
functions.
It is straightforward to check that log as defined in the proposition is indeed the inverse to
exp. O
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1.4 A one-sided inverse to A We define an A,, morphism  as the composition

log

* * H *
7 C5([0,1]) —= €5, ([0, 1]) —— ([0, 1]).
By construction, we have Ao~y = Ao polog = expolog =id.
Proposition 1.7. The Taylor coefficients of the unital Ass morphism
5 = polog : C5([0,1]) — ([0, 1])

are determined as follows:
o The linear part v is the inclusion C*([0, 1]) — Q*([0, 1]).
e Fori >0, 7 >0, we have

A . ‘1t t
Yirgr1((sdt)® @ st @ (sdt)™) Sl:0< z )<é+j+1—l>’

T(T—l)"'('T—Tl+1)

where (;)

e Forn > 1, we have

(_1)n+1

Yn(sdt ® - ® sdt) = Tsdt.

Proof. We introduce the following generating function

F(z,w):= Z Yitj1((3d)®" @ st @ (sdt)®7) 2 w?

4,520
and compute
o (=1)P (—1)9Te
F(z,w) = Z Z z’wj(z, )z ( ) tptqr1((sdt)®P @ st @ (sdt)®?)
1,520 i1+ tip=i 1 p J17"Jq
it =
= ) log(1 4 2)Plog(1 + w) iy yqr1((sdt)*P @ st @ (sdt)®?)
p,q20
B,11(t) — B
-y (T <n>(—1)plog(1+z)plog(1+w)q 1) = Bros
=, \P (n+1)!
n>0 \p+g=n

_ Z Bpt1(t) — Bnt1
= (n+1)!

= o (132))

(log(1 + w) — log(1 + 2))"

where G(u) is the formal power series

_ tu _
G(u) _ Z BT+1(t) BT+1 U/T _ e 1

= (r+1)! eu—17
Hence we find
<11iw)t — 1 1
F(z,w) = e = (1+ z)lftwf (1+w) = (1+2)").
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Since z and w are formal variables, we can apply Newton’s generalized binomial Theorem to
obtain

RS [ YO 2

k>0 r,5>0

where, by definition,

(2) _ t(t—l)'-}g(!t—k—kl)

We therefore have
1—-t l 3 r_s
Fzw) = Z( l )Z Z(T+s+1>wz
>0 r,s>0

Consequently, the coefficient for z'w’ of F(z,w) is

i (1 t)( t - )
Zl - l i+7+1-1
We conclude that

Yirg1((sdt)® @ st @ (sdt)®) = SEZ: (1 l_ t) < t )

e i+7+1-1

Since p, vanishes for n > 1 if we evaluate it on a tensor product that contains only elements
of degree one, the only relevant contribution to v, (sdt ®- - -®@sdt) is (u; olog,)(sdt®- - - ®@sdt) =
(=pn+!
= sdt. O

n

2. The C,, morphism ¢ from Q*([0,1]) to C% ([0, 1])

In this section we study the composition

o 27(0,1]) 2 C5([0, 1]) —5 2 ([0, 1)).

Our main results concerning ¢ are as follows:
1. We provide several formulas for the Taylor coefficients of .
2. We show that ¢ is a Cs morphism of C,, algebras.
3. We prove that ¢ is unique within a certain class of Ao, morphisms, and, as a consequence,
that it coincides with the morphism obtained via homotopy transfer along Dupont’s con-
traction, cf. Subsection 1.1.

2.1 An explicit formula The aim of this subsection is to make the A, morphism
@ Q°([0,1]) = C5,([0,1]),

defined as the composition of A : Q*([0, 1]) — C([0, 1]) from Subsection 1.2 and log : C([0, 1]) —
C*.([0,1]) from Subsection 1.3, explicit.

Definition 2.1. The descent number d, of a permutation o € S, is the non-negative integer

de :=|{i € {1,...,n— 1} such that o(i) > o(i + 1)}|.
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Theorem 2.2. The higher Taylor coefficients w,, n > 2, of ¢ vanish unless all of the inputs are
one-forms, in which case one has

On(sa(t)dt @ - - @ sa,(t)dt) = / - Z (

0<t<igtuct | o€

(e

Proof. Since both the higher Taylor coefficients of A and log vanish unless all of the inputs are
one-forms, the first assertion is clear. When all the inputs are one-forms, by definition of log and

A we have

on(sai(t)dt @ -- - ® sap(t)dt) =

e s (]

=1 i1+ +im=n

i1 im

According to (the proof of) Proposition 1.5, the right hand side of the previous equation equals
sdt multiplied by the scalar

(_1)m+1
> > | a1(to(r)) - - anlto(m))dty - -~ dbn,

O’ES(il,‘..,im)

where the interior sum runs over all ordered partitions i; + - - - + %, = n of n such that ¢ is an
(1,...,%m)-unshuffle. Hence the proof is completed by the following lemma. O

Lemma 2.3. Given a positive integer n and a permutation o € Sy, we have

I e

- n—1\"’
i1+ Fim=n m n( do )
0ES(i1yeeeyim)
where the sum runs over all ordered partitions i1+- - -~+im,m = n of n such that o is an (i1, ..., im)-
unshuffle.
Proof. Let us consider partitions iy + - - - + i, = n with a fixed m such that o € S(i1,...,im).

One sees that there are

n—dy; —1
m—dy — 1
of those. Hence we find

> (—pm+t z”: (—1m+t <n— dy — 1) " i b (—1)dots <n— ds — 1>

inttim=n midgp M \mdo =1 o Gt dr +j+1 J
UES(’i1,...,im)

The latter sum can be identified with the n’th Taylor coefficient of log (1 + 2)(1 4 2)"~% ! at

z =0 and is given by

(n—d, —1)ld,!  (—1)%

n! - ”(ndj,l) '

(1)

1(te1)) -+ anlton ))) dty - - - dt,sdt.

ar(ty) - -~ agy (tiy )dty -~ - dt;, - / An—ip+1(t1) - - an(ti,, )dty - -
A

. dtim> sdt.
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d
Definition 2.4. We denote by C,, q the numbers Cy, g := n((]l,)l), n>1,0<d<n: these satisfy
d
the identities
Cn,d = On—l,d + Cn,d—l—ly On,d = (_1)n+lcn,n—d—1>

as it follows by straightforward computations. For n < 6, they are given by

1

L1

2 2

L _1 1

3 6 3

r_1 1 _1

1 2 12 1

L1 1 _ 1 1

5 20 30 20 5
Lot o+ _ 1 1 1
6 30 60 60 30 6

The element ew = ZJESn Ch.d,0 € k[Sy] of the group algebra of the symmetric group is called

the (first) Eulerian idempotent, see [19, 27].

Remark 2.5. There is a natural action of S, on the functions on the n-cube, by permuting the
variables, and a projector corresponding to 67[11 I then the integrand of Theorem 2.2 is precisely

the image of a1 (1) - - - an(t,) under this projector.
(1]

It is well known that e;’ is an idempotent of the group algebra, and in fact a Lie idempotent.
The latter means the following: let V be a vector space and T(V') the reduced tensor algebra on
V', then the mapping

E:T(V)=T(V), @@= Y Cnd, V(1) @ @ Uy (1)
oES,

is a projector from T'(V) onto the subspace Lie(V) spanned by Lie words, i.e. onto the free
Lie algebra on V', see [19, 27]. Notice that the restriction of E to n’fold tensor products is
precisely the projector corresponding to eg J under the natural action of Sy on T™(V). Tt is not
immediately clear how to express F(v; ® - - ®vy,) as a linear combination of Lie words: one way

to do it is to compose E with a second Lie idempotent, for instance the Dynkin idempotent
1
vl T(V) — T(V), U1 & - ®Un — E[Ulan : 7[Un—17vn] ]

Since both E and v are projectors with image Lie(V'), we see that E = v o E, that is

1
E(’U1®"'®'Un):ﬁ Z

O'ESn

—_1)\4e
((ndl)1) [Vo(1)s "+ [Vo(n=-1)s Vo(m)] - |- (2)

We shall make use of the above identity in Section 3 below.

A choice of basis of V induces a scalar product (—,—) on T(V), by imposing that the
induced basis of T'(V) is orthonormal. The adjoint E* of (1) with respect to this scalar product
is independent of the choice of basis and reads

E*(Ul PRy /Un) = Z Cﬂ,dava_l(l) - ® UU—l(n)a
O'GSn

as can be easily verified using (1).
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Proposition 2.6. The corestriction pp : T(sQ*([0,1])) — sC*([0,1]) of the As morphism
o+ 0%(0,1]) = C2,((0,1]) equals
pp = (pA) o E7,

where pX : T(sQ*([0,1])) — sC*([0,1]) is the corestriction of Gugenheim’s Ao, morphism \ and
E* : T(s2*([0,1])) — T(s2*([0,1])) is defined as above.

Proof. This is a straightforward consequence of the previous formula for E*: if one of the ar-
guments is a zero-form, both the left- and the right-hand side of the claimed identity vanish,
otherwise, we see that

()\n @) E*)(sal(t)dt X & san(t)dt) = Z Cn7da / aafl(l)(tl) tee a071(n) (tn)dtl cee dtn =

O'ESH n

=3 Cua, / a1(to)) < an(to )t -+ dtn = pu(sar(B)dE ® - @ san(£)dt).
ogESy An

Corollary 2.7. The map ¢ : Q*([0,1]) — C%.([0,1]) is a Cs morphism.

Proof. Recall, cf. Appendix B, that since ¢ is a morphism of A, algebras, we only have to check
that the Taylor coefficients ¢,, n > 2, vanish on the image of the shuffle product

® : T(sQ*([0, 1)) ® T(sQ*([0,1])) — T(sQ*([0, 1)).

This follows from the previous proposition, since E* vanishes on the image of the shuffle product,
compare with the proof of [27, Theorem 6.3]. O

We shall give another proof of the previous corollary below, in Subsection 2.3.
2.2 A recursive formula In this subsection we derive an alternative presentation of the Cso

morphism

- ([0, 1]) = C5([0, 1),
closely related to Magnus expansion (see [20, 17]), cf. Section 3 below.

Definition 2.8. For all n > 1 we define maps
My, = (2°([0,1]))%" — Q°([0, 1])

as follows:
o forn =1, we set My(ay(t))(s) = [y a1(t1)dty,
o forn > 2, we apply the recursive formula (where the suspension points inside parentheses
are to be filled by the arguments in the order ai,...,a,, and we denote by p; the partial

sum p; = Zhgj in)

> M () t) My () gy 1 (8 Moy () (80) -+ My () (t)
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Definition 2.9. We denote by (Bs)sek (s € [0,1] in the smooth case) the one-parameter family
of maps given by Bs(t) = s-t. We refer to the corresponding endomorphisms 3% of the dg algebra
0*([0,1]) as the scaling morphisms and define a one-parameter family of Cs-morphisms from
Q*(]0,1]) to C%([0,1]) by setting s := @ o 3.

Theorem 2.10. The n’th Taylor coefficient @, of the Co morphism g is given by
Ysn(sar(t)dt ® - - @ sap(t)dt) = My(ai1(t) ® - @ ay(t))(s)sdt.
Proof. We proceed by showing that the family of maps
v+ Q0([0,1))%™ — Q°([0,1])

defined by vy, (a1(t) ®@- - - ®an(t))(s)sdt = ps p(sai(t)dt®@- - - @say(t)dt) obeys the same recursion
as the family of maps (M,,),>1 from above.

Recall that by definition we have s = po3%. Let X be an arbitrary element of T'(sQ!([0, 1]))
and consider the curve

s = py(X) € T(sCM (0, 1)) = T(K).

If we differentiate it with respect to s, we find
d d
—ps(X) = —B5(X) | .
o0 = (La100)

Now suppose we find a one-parameter family of elements Yy € T'(sQ*([0,1])) such that d%ﬂ;X =
Q(Ys), where @ denotes the codifferential which encodes the dg algebra structure on ©*([0, 1]).
We would then conclude that

LX) = P B1(X)) = p(Q(Y5)) = M(p(%3)

holds, where M is the codifferential on T'(sC*([0,1])) which encodes the Cs, algebra structure
on C*([0,1]) from Theorem 1.1.
We now consider X = sa;(t)dt ® - - - ® sa,(t)dt and claim that an appropriate Yy is given by

n—1

Yo == sBilai(t)dt) @ @spi(a;(t)dt) @ s(ta1(st)) @ sBE(aj2(t)dt) ® - - @ sB7 (an(t)dt).
=0

It is straightforward to show that applying the linear part @)1 of the codifferential @), which
encodes the de Rham differential, yields @1(Ys) = X. One checks that the contribution from the
quadratic part Q2 of the codifferential, which encodes the wedge product, vanishes. This is due
to the equality

Ba(a;(t)dt)(taj1(st)) = sta;(st)aj1(st)dt = (ta;(st))B; (aj41(t)dt).
From this we infere that

% (ps(sar(t)dt ® - - @ san(t)dt) =

n—1
—Mep Z sBs(a1(t)dt) @ - - @ 8P (a;(t)dt) @ s(tajy1(st)) @ sfy(ajr2(t)dt) ® - - - @ sB; (an(t)dt)
=0
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Recall from Subsection 1.1 that the Taylor coefficients of M are only non-zero on tensor products
which contain exactly one factor in sC°([0,1]), while the Taylor coefficients (,,) all vanish for
n > 2 whenever one of the factors is a function. Furthermore, we notice that ¢; = 7w evaluates
on ta;j11(st) to aj+1(s)t. We thus obtain that the projection of

n—1

—Meyp Z sB;(a1(t)dt) ® - - - @ sf; (a;(t)dt) @ s(tajri1(st)) @ sP(ajr2(t)dt) @ - - - ® sB; (an(t)dt)
j=0

to sC*([0, 1]) equals (by definition of the maps (vp)n>1)

l
SISV T )0 iy (61 )(5) )

£>1 p=0 p ni4-+np=n—1

times sdt, where v, = ny + -+ - 4+ ny.
On the other hand, the projection of

(% (ps(sar(t)dt @ - - @ san(t)dt)

to sC*([0, 1]) equals

d d

7 (psn(sar(t)dt @ -+ @ say(t)dt)) = £(Vn(a1(t) ® - ®ap(t))(s)sdt)
and hence we finally arrive at the recursion
d
75 (nl(ar(t) @ -~ @ an(t))(s)) =

l
2\ By
:ZZ(_l)p< >€' Z an('”)(s)'.'Vnp("')(S)a’YpJFl(s)Vnp-H('")(S)"'Vnz("')(s)a
£>1 p=0 P " nitetne=n—1
where v, = ny + --- + n,. This is precisely the recursion which the family of maps (Mp)p>1
obeys.
O

2.3 Some uniqueness results The aim of this section is to show that the Cy, morphism
@ : ([0, 1]) — C*(]0, 1]) coincides with the A, morphism induced via homotopy transfer along
Dupont’s contraction, cf. Section 1.1. We do so by showing a uniqueness result for A,, morphisms
satisfying some properties in the following lemma. We shall rely heavily on the notations and
results from the Appendix.

Lemma 2.11. Let (V,Q1,...,Qn,...) be an A algebra, together with a decomposition of V' in
the direct sum of graded subspaces V=X @Y such that sY C Q1(sX). Let (W,Ry,...,Rp,...)
be a second As algebra and G,G’ : V — W two As, morphisms such that

1. the linear parts of G and G' are equal and

2. whenever there exists 1 < i < n such that v; € X, then

Gn(sv1 ® -+ ®svy,) = G (sv1 @ -+ @ sUp).

Under these conditions, the morphisms G and G’ coincide.

In particular, if there exists an A morphism F : V. — W with a given linear part and
the property that its higher Taylor coefficients F,,, n > 2, vanish whenever at least one of their
arguments is in X, it is unique.



How to discretize the differential forms on the interval 73

Proof. We have to prove that in the given hypotheses for all n > 1 and y1,...,y, € Y we
have G, (sy1 ® -+ - @ syp) = G, (sy1 ® - - - ® sy,,). We use induction, knowing by hypothesis that
G1 = G|. We denote by Q! the composition sV&" — T(sV) °, T(sV) — sV® and similarly
for Gi Gl : sVO" — sW®% notice that for i > 2 G, = G by the inductive hypothesis, since
they only depend on G; = GY,...,Gpo1 = G,

n—1-

i R,Gy, = zn: GQ,
i=1 j=1

and similarly for G’. Finally, we choose 21 € X such that sy; = Q1(sz1), then by the hypotheses
of the lemma G, (sz1 @ sy2 @ -+ @ sy,) = G, (sr1 @ Sy2 @ -+ @ syy,), and together with the
inductive hypothesis this shows that (notice that Q1(sY) = 0)

Since G is an A, morphism we have the
identity

Gu(sy1 ®@ -+ ®@syn) = GuQi(sz1 @sy2 ® -+ @ syy)

n n—1
= ZRiG%—ZGjQ% (sr1 ®@sys @ - -+ @ Syp)
i=1 j=1

n n—1
= ZRiGﬁ - ZG}Q{L (s71 ®sy2 ® - - @ syn)
i=1 j=1

= GLQ1(571 Q82 ®@ -+ @8yy,) = GL(Sy1 @ -+ @ sYy).

Corollary 2.12. The A morphisms
A Q([0,1]) = C5([0,1]),  exp : CL([0,1]) = CH([0,1])  and ¢ : Q7([0,1]) — CL([0,1])

are the only Ase morphisms with linear parts equal to m, id and 7w respectively, and the property
that their higher order Taylor coefficients vanish whenever one of the arguments is a zero-form.

Proof. Apply the last assertion of the preceding lemma to V = Q*([0,1]), X = Q°([0,1]) and
Y = QY([0,1]) (respectively, V = C*([0,1]), X = C°([0,1]) and Y = C([0,1])). O

Lemma 2.13. Under the same hypotheses as in the previous lemma, suppose moreover that V'
and W are C, algebras. If there exists F' : V. — W as in the final claim, then F is a Cy
morphism.

Proof. We denote the Taylor coefficients of the Co algebra structure on V and W by (Q;)i>1
and (R;)i>1, respectively. We have to show F,,((sy1 @ --- @ sy;) ® (syiy1 Q@ --- @ sy, )) = 0 for
alln>1,1<i<nandyy,...,y, €Y. The case n = 1 being empty, we use induction: in
particular, we can consider the morphism of graded coalgebras F_,, : T(sV) — T(sW), whose
Taylor coefficients are (F.,); = F; for i < n and (F<,); = 0 for i > n, and according to
the inductive hypothesis and Lemma B.4, this is a morphism of graded bialgebras. We define
coderivations Q>2 on T(sV) and R>s on T(sW) by declaring their Taylor coefficients to be
(Q>2)i = Qi, (R>2); = R; if i > 2 and (Q>2)1 = (R>2)1 = 0: according to Lemma B.3 these
are biderivations. Thus H := R>oF<p, — F<p,Q>2 : T(sV) — T(sW) is an F.,-biderivation by
Lemma B.2, and in particular it sends the image of the shuffle product in T'(sV') into the image
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of the shuffle product in T(sW). As in the proof of the previous lemma we choose x; such that
Q1(sz1) = sy1: we finally compute, denoting by p : T(sW) — sW the natural projection, that

Fo((sy1 ® --- @ sy;) ® (syir1 @ - - @ 8yp)) =
= (FrQ1 — R F,)((511 @sy2 ® - - - @ 8Y;) ® (SYir1 @ - -+ @ SYn))

n—1

= ZRFZ ZFQ% (571 ®@Sy2 @ - @ 8Y;) ® (SYi1 @ -+ - ® SYn))
j=1
= pH((Sl“l ® Sy ® -+ ®SY;) ® (SYit1 ® -+ @ SYn))
= O’
since p vanishes on the image of the shuffle product. O

Corollary 2.14. ¢ : Q*([0,1]) — C% ([0, 1]) is a morphism of Cs algebras.

Remark 2.15. Since A, exp, log, ¢ are all compatible with the simplicial structure on [0, 1], we
can extend them to morphisms over any 1-dimensional simplicial complex T', and Corollary 2.14
still holds. If, moreover, Hy(T) = 0, we can apply the previous lemmas to Q*(T) = Q%(T)®Q (T)
and C*(T) = C%(T)®CY(T), respectively, to obtain uniqueness results parallel to Corollary 2.12.

Lemma 2.16. For n > 1 the Taylor coefficients of the Ao, morphism *([0,1]) — CZ% ([0, 1])
obtained via homological perturbation theory vanish on n-fold tensor products which contain a
factor that is a zero-form.

Proof. Given the contraction data ¢, 7, h from Q*([0, 1]) to C*([0,1]) as in Section 1.1, we denote
by

n—1
Hp = 1d® @ (—h) @ (um) @1 T (sQ7([0, 1)) — T™(sQ*([0, 1)),
=0
n—2 ' '
Qn =) 1d¥ ©Q ®id®" 2 T (sQ7([0,1])) — T (s2°([0,1])),
i=0
where Qo : T%(s2*([0,1])) — sQ*([0,1]) is the quadratic part of the codifferential, encoding
the wedge product on ©*(]0,1]), and finally by m, : T"(s2*([0,1])) — sC*([0,1]) the Taylor
coefficients of the A morphism 7o : Q*([0,1]) — CZ% ([0, 1]) induced via homotopy transfer.
According to the usual perturbation formulas, cf. [16, 22|, the maps m,, are determined recursively
by m =,
Ty = Wn,lQZ_lH:f for n > 2,

and we want to prove that for n > 2 they vanish on tensor products of total degree less than
0. For n = 2 we have m = mQoH3: if both arguments are functions, this vanishes by degree
reasons, while if exactly one argument is a function, it vanishes since 7w vanishes on functions of
the form f(t)h(a(t)dt), as m : Q°([0, 1]) — C°([0, 1]) is strictly multiplicative and the image of h
is contained in the kernel of w. For n > 3 the thesis follows by a straightforward induction, since
QM 1H! : T"(sQ([0,1])) — T™ 1(sQ([0, 1])) preserves the total degree. O

We obtain the following result as an immediate consequence of Lemma 2.11:

Corollary 2.17. The A, morphism Q*([0,1]) — C% ([0,1]) obtained from homological pertur-
bation theory — see [16, 22] — coincides with the Coo morphism ¢ : Q*([0, 1]) — C% (]0,1]).
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We next show that similar uniqueness results hold for the Cy algebra structure on CZ% ([0, 1])
and the Cy morphism p.

Proposition 2.18. The unital Cy algebra structure on C% ([0,1]), as in Theorem 1.1, is the
only one with linear part my(st) = —sdt, quadratic part satisfying ma(st @ st) = st and higher
Taylor coefficients vanishing unless precisely one argument is a zero-form. The morphism p is
the only unital Cs morphism from C3 ([0, 1]) to Q*([0,1]) with linear part the inclusion.

Proof. We shall denote by M the codifferential on T'(sC*([0, 1])) encoding the C, algebra struc-
ture, by m,, its Taylor coefficients as in Theorem 1.1 and by M the composition

M T (sC*([0,1])) < T(sC*([0,1])) 25 T(sC*([0,1])) — T(sC*([0, 1])).

Notice that the higher coefficients my,41, n > 1, vanish by degree reasons unless precisely one or
two of the arguments are zero-forms. To illustrate the result we check the first claim directly for
ma: by the Cs property 0 = ma(st ® sdt) = ma(st ® sdt) + ma(sdt ® st), where ® is the shuffle
product (cf. Appendix B), hence

2my (st @ sdt) = my(st @ sdt) — mo(sdt ® st) = moM3 (st ® st) = —mima(st ® st) = sdt,

from which we get ma(st ® sdt) = 1sdt = —ma(sdt ® st). Next we assume inductively to have
shown the thesis up to a certain n. First of all, the C, property implies

M1 ((sdt)®' @ st @ (sdt)®" ") = (—1)" <n) My1(st @ (sdt)®™).
i
In fact, since this is clear for ¢ = 0, it follows in general by induction on ¢ and

0= mpy1(sdt ® ((sdt)® ' @ st @ (sdt)®" ")) =
= imys1 ((sd)® @ st @ (sdt)®™ ) + (n — i + )mppa((sdt) ! @ st @ (sdt)=n—+1),

Combined with the fact that M is a codifferential, this shows
(n+ D)ymp (st @ (sdt)®") = my M (st%? @ (sdt) ") z:mz (st @ (sdt)®m ).
Since by hypothesis m,,11(st®? ® (sdt)®" 1) = 0 for n > 2,

(n+ 1)mpp1(st @ (sdt)®™) = Zmz i 1(st®? @ (sdt) L),

which proves the thesis inductively, as the right hand side only depends on mao,...,m,,.

The claim about p is proven similarly. For n > 2, by degree reasons p, vanishes unless
precisely one or none of the arguments are zero-forms. In the latter case, by the Cy property
fin((sdt)®™) = Lpu,((sdt)®™) = 0. In the former case, the Cus property implies jy,11((sdt)®
st@(sdt)®" ") = (=1)"(7) png1(st@(sdt)®™) as before. In particular, we see that (n+1)n41(st®
(sdt)®™) = pip 1 M (st%% ® (sdt)®" 1), and using the facts that p,41(st®? ® (sdt)®"~1) =0
by degree reasons and p commutes with the codifferentials, we conclude as before that the right

hand side only depends on u1, ..., ty. O
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Remark 2.19. In contrast with the final claim of the previous proposition, there can be several
As morphisms C%_([0,1]) — 2*([0, 1]) whose linear part is the inclusion. For instance, a direct
verification shows that F' : C([0,1]) — Q*([0,1]), defined in Taylor coefficients F1,..., F,,...
by

F' is unital and F} is the inclusion;

Fo((sdt)®™) = (—=1)"Ls(t"tdt) for n > 1;

E,((sdt)®=1) @ st) = (—1)"s(t" (1 — t)) for n > 2;

For n > 2, F, vanishes if an argument different from the rightmost one is a zero-form;

is a unital A, morphism (which is right inverse to A, by a straightforward application of Lemma
2.11). Therefore F o exp : C% (]0,1]) — ©*(]0,1]) is an Ao, morphism different from p, whose
linear part is the inclusion.

The proof of Proposition 2.18 leads to the following result, which is of independent interest:

Proposition 2.20. Let Auts(C% ([0, 1])) be the group of unital Cy automorphisms of C% (10, 1]),
and GL(C*([0,1])) = k* xk = Aff(k) the group of those automorphisms of the complex C*([0,1])
which map 1 to itself. The correspondence

r i Auto(C5(0,1]) —  GL(C*([0,1])) = AfF(K)
¢:(7/11a¢27-~) =P

18 an isomorphism of groups.

Proof. That the map r is a morphism of groups is clear. The same argument as in the proof of
Proposition 2.18 shows that a Cs, morphism with domain C% ([0,1]) is uniquely determined by
its linear part, hence r is injective.

To conclude the proof, we have to show that r is surjective. Let us fix an automorphism & of
the complex C*([0, 1]) mapping 1 to itself. Evidently, £ is determined by its value on ¢, given by

f(t) :Oét"‘B?

for a € k* and B € k two constants. Our aim is to show that £ lies in the image of . We define
an automorphism p of the unital dg algebra ([0, 1]) = k[t] @ k[t|dt by declaring its action on
the generator ¢ to be p(t) = at + 5. The composition

€ CL([0,1]) 5 Qi ([0, 1)) 5 Q5([0,1)) 5 €5 ([0,1]),

is a unital C automorphism of C%_ ([0, 1]) such that r(§) = &.
Ul

We close this section by sketching a relation with the papers [14, 21|, which was also briefly
outlined in the introduction.

~

Remark 2.21. We denote by L([0,1]) = L(z,y,a) the Lawrence-Sullivan model of the interval:
this is the free complete graded Lie algebra on generators x and y in degree one and a in degree
zero, and the unique differential such that z,y are Maurer-Cartan elements and a is a gauge
equivalence between them, see [18], namely,

dw) = —3leal, o) = 3l d@) = aday) + 3 T (ada)"(y )
n>0
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where ad,(—) = [a, —] is the adjoint. As observed in the paper [7], this is also the Chevalley-
Eilenberg dg Lie algebra associated to the Cs algebra C% ([0, 1]). We shall denote by U (L([0, 1]))
its universal enveloping algebra. Following the notations from the introduction, we shall denote
by Q2C.([0,1]) the cobar construction of the dg coalgebra of normalized chains on [0, 1], i.e., the
complete tensor algebra T\(:c, y,a) over generators x,y, a as before, equipped with the differential

d(z) = —x?, d(y) = -1, d(a) =(1+a)y —z(1 + a).

Notice that both QC,([0,1]) and 2(L([0,1])) have the same underlying graded algebra T'(z, y, a),
and only the differentials differ. The Ao isomorphism exp : C% ([0, 1]) — C(]0,1]) from Sub-
section 1.3 yields an isomorphism of dg algebras

QC.([0,1])) S UL(0,1]), z—z, y—y, a— e —1

In particular, there is an induced cocommutative dg Hopf algebra structure on QC, ([0, 1]), and
]) is

it is easy to check that the induced diagonal A : QC.([0,1]) — QC.([0,1]) ® QC.([0,1
Al)=z@1+10z, Aly)=y®1+10y, Ale)=a®1+10ac+a®a.

Finally, it can be proved, in the spirit of this subsection, that the above A may be characterized
as the unique morphism of unital augmented dg algebras satisfying A(z) = z®1+ 1@z, A(y) =
y®1+1®y: details are left to the interested reader'. From this, one can deduce that the
diagonal A coincides with the Alezander-Whitney cobar diagonal on QC ([0, 1]), constructed as
in the paper [14].

3. Pushforward and the Magnus expansion

In this subsection we present implications of our previous results for differential forms on [0, 1]
with values in a dg algebra A or a dg Lie algebra g, respectively.

Remark 3.1. We will extend the scalars for Q*([0, 1]) and C*([0, 1]) from k to either a dg algebra
A or a dg Lie algebra g. In order for our previous discussion to remain meaningful, we have to
guarantee existence and convergence of certain constructions. Two instances where this works
are:

1. Pro-case: Assume that A is unital and augmented and that the augmentation ideal A is
pro-nilpotent. Correspondingly, assume that g is pro-nilpotent. Then consider polynomial
differential forms on [0, 1] with values in A or g.

2. Finite-dimensional case: Assume that A and g are finite-dimensional and consider smooth
differential forms on [0, 1] with values in A or g.

In both cases we obtain dg algebras 2*([0, 1]; A) and C([0, 1]; A), an A algebra C%_([0,1]; A),
as well as a dg Lie algebra Q*([0,1];g) and an L., algebra C% (]0,1];g). The latter two were
described in [25] and [9]. Observe that, since C([0,1]) is not commutative, extension of scalars
to g is not meaningful in this case (within the world of algebras).

We have A(a) = 250 rija' ® a’ for certain constants r;; € k: then 790 = 0, since A is a morphism of
augmented dg algebras, and one checks, using the fact that f(z,y, a) is a free algebra, that the remaining 7; ;
are uniquely determined by A(z) =2z ®1+1®z,A(y) = y® 1+ 1® y and the requirement that A o d(a) =
Ay —z) + A(a)A(y) — A(z)A(a) = (d®id +id ® d) o A(a).
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3.1 Forms with values in a dg algebra We first consider extension by a unital dg algebra
A. The family of C quasi-isomorphisms ¢, : Q*([0, 1]) — C%,([0, 1]) extends to a one-parameter
family of A., quasi-isomorphism

s+ 2°([0,1]; A) = C5([0,1]; A),

see Definition 2.9. The explicit formulas from Theorem 2.2 and 2.10 remain valid in this setting,
i.e. they are compatible with scalar extension by A (essentially, because they keep the arguments
in order). Notice however that Proposition 2.6 fails in the non-commutative case.

Definition 3.2. The pushforward along @5 is the mapping
(o) (200, 15 A1) @ Q1([0,1: A) = s(C%(10,1]; A1) & CL((0,1]; A7) = 54 @ 54 @ A7
FO) +a®)dt = D pan(s(f(t) +alt)dt) @ - @s(f(t) + a(t)dt)).

n>1

Remark 3.3. Since ¢, vanishes for n > 1 whenever one of the inputs is a zero-form, we find

D esn(s(f() +a(t)dt) @ -~ @s(f(t) + a(t)dt)) =

n>1

s(f(s)t+ FO)L = 1)+ Y pan(salt)dt @ - - @ sa(t)dt).

n>1
Therefore, we see that the essential information is the restriction of ()« to sQ*([0, 1]; A?).

We remark that in the pro-case, we have to restrict the domain of definition of (¢s)« to
s(20(0; 1]; A1) & (0, 1], 4")).

. . . . . —0

i.e. we have to require the one-forms to take values in the augmentation ideal A~ of A°. The
reason is that this guarantees that the potentially infinite series in the definition of (¢s)s is
well-defined. Whenever we consider the pro-case, we will from now on apply this restriction.

The following result was established independently by Burghart-Mnév-Steinebrunner in [4].

Proposition 3.4. For a given a(t)dt € Q([0,1]; A%), consider the curve
[0,1] = A% s A(s)sdt == (ps)«(sa(t)dt).

Its exponential

1
A =144 g(A(s))k.
E>0

satisfies the differential equation

LAD = A g(s), A =1y,

Proof. Since pushforward is compatible with composition of morphisms, we find that
exp, o(ps)« = exp, 0log, o(As)x = (As)x,

where Ay = Ao 87, with 8} being the scaling morphism from Definition 2.9. We therefore have
eA) =14 + (No)«(sa(t)dt).



How to discretize the differential forms on the interval 79

The pushforward along Ag is given by

(Mo)e(sa(t)dt) = 3 / a(ty) -+~ albn)dts - -~ dt.

nZlo<y <<t <s

Differentiation with respect to s yields

d

(Ut O)ua(0)dn) = (La+ (). (a(t)dn))als)
and for s = 0, we have (14 + (Ao)«(a(t)dt)) = 14. This concludes the proof. O
Remark 3.5.

1. By Theorem 2.2, we can write the pushforward along ¢ as

_1)de
(¢s)«(sa(t)dt) = Z% / > <((n1)1)a(t0(1))---a(ta(n))> dty---dt, | sdt.

TLZI 0§t1§--~§tn§5 aeS’n do

2. Alternatively, we may use Theorem 2.10 to describe the pushforward along ¢, as follows.
We define maps M,, : Q°([0,1]; A%)®" — Q°(]0,1], A°) recursively as in Definition 2.8.
Given a(t)dt € Q'([0,1]; A?), we simplify the notations and put My(s) := My(a(t)®*)(s),
Moo (8) ==Y p>1 Mi(s). Then, according to Theorem 2.10,

Mo (s)sdt = Z(/\/lk(s)sdt) = Z Ysn(sa(t)dt @ --- @sa(t)dt) = (ps)«(sa(t)dt).

k>1 n>1

Differentiating the defining recursion for the maps My, we find

k
M) = a4 TS ED(N) D Ma ) My (el M (9 M, (0

ds ’ =
k>1 j=0 Ulyenyifp 21

B & [k : .
- ZJZ(1>J(j>Moo<s>fa<s>Moo<s>’”

k>0 0 j=0

=S % - [a(s), Moo (s)] -, Moo (s)],
k>0

which is equivalent to

S | [ ) M) Mal] =t

According to a classical result by Hausdorff, compare with [17, Theorem 2.1], this shows
that eM>(%) is the solution to the differential equation %eMm(s) = eM=(%)q(s) with initial
condition eM>=(0) =14, and provides another proof of Proposition 3.4.

3.2 Forms with values in a dg Lie algebra For g a dg Lie algebra, we obtain a one-

parameter family of Lo, quasi-ismorphisms

ps - 27([0,1];9) = C5.([0,1]; 9)
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from s @ Q*([0,1]) — C%([0,1]) by extension of scalars (cf. [24] for the defintion of scalar
extension of a Cy algebra by a dg Lie algebra). By compatibility between scalar extension
and homotopy transfer, together with Corollary 2.17, this is the same as the composition of the
scaling morphism 3} and the L., morphism induced via homotopy transfer along the obvious
extension of Dupont’s contraction (cf. [9]).

We denote the universal enveloping dg algebra of g by U(g). By compatibility with the
symmetrization functor from A, algebra to L., algebras, ¢ may also be characterized by the
commutative diagram of L., algebras and L, morphisms,

Q*([0, 1]; ) Q*([0, 1];U(g))
wsi isym(s@s)
C5([0,1]; 9)— C5.([0, 1];U(g))

where the horizontal arrows are the strict inclusions and the right vertical arrow is the sym-
metrization of the Ay, morphism studied in the previous subsection. For convenience, let us
define maps

n

My ()Q([0,1];9) — Q°([0,1];9)
by setting M, (l1(t) © -+ © (1)) (s)sdt := ps p(sli(t)dt © - - - © sly(t)dt).
Theorem 3.6. 1. The maps (My)p>1 are given by

M (L) © - O ln(t))(s) =

1 —1)d~
[ (e X e G tnttom) oo b o)1 | -t
do

0<ti <<t <s 7,75
where (1) is the Koszul sign associated to T, i.e. the sign given by l1(t) ©® -+ ® l,(t) =
E(T)lf(l) (t) OO lT(n) (t)
2. Equivalently, we may define the maps (My,) recursively by putting M1 (11(t))(s) = [ L (t1)dt,
form=1, and forn > 1

By, s
S DY o) [ MG ) M)t g 8]
k=1 " irtetig=n—10€S, 0
where the suspension points inside M;, (---), ..., M, (---) have to be filled by the arguments
in the order ly(1)(t), ..., lom—1)(t).

Proof. The first explicit presentation follows by symmetrizing the formulas for the A.,-morphism
s + Q([0,1];U(g)) — C%.([0,1];U(g)) coming from Theorem 2.2, where now the arguments
li(t)dt are elements in Q1([0,1]; g°) C Q([0, 1];U%(g)): we see that @, ,(I1(¢)dt © - © 1, (t)dt) is
the integral over the n’th simplex of the image of

Z e(T)lry(t1) - Ly (tn)dty - - - dtn, € Q™([0,1]75 U (g))
TESK

under the Eulerian projector E : U°(g) — g°. We recall, compare [27], that the latter may also
be understood as the composition E = p o PBW™! of the inverse of the Poincaré-Birkhoff-Witt
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isomorphism PBW : S(g) — U(g) and the natural projection p : S(g) — g. Finally, we get the
desired formula for M,, by composing FE with the Dynkin idempotent, as we did in formula (2)
on page 69.

The claimed recursive presentation for the maps M,, is precisely the one we get, after sym-
metrization, from the corresponding one in the A, case coming from Definition 2.8, as it follows
by straightforward computations, keeping in mind the formula

Z (@) orys [+ [Ty, y) -1l =

k
—1 . xT n
= Y (o) 3 () h<.>%(l)...%(j)y%(jH)...%(k%
o€ S j=0 I
k J

valid in any associative graded algebra. Thus, the second claim follows by Theorem 2.10.

Remark 3.7. The first few instances of the previous recursion are

Ml (£))(s) = /O ly(t)dty,

Ma(a(0) @ a0)e) = X <03 [ | [l o)t b o) | o

M (Do) = 3 ) [ [ / ’ [ / : la(l)(tl)dtl,la(z)(tz)] dtg,zg<g)<t3>] dts +
+ ;35(0)112 /0 S [ /0 : lo(1)(t1)dt1, [ /0 . lo(2) (t2)dta, Ly(3) (t;;)” dts.

For the pushforward, we find the following general recursion, where for simplicity we put

Mu(s) = Mu(U(H)")(s), Moo(s) = 3,51 7aMnl(s),

(0s)x (L(t)dt) = s)sdt = Z — My (s)sdt =
n>1 nt
s n—1 Bk
| [rwin+ TS0 Y [ M) M) 2]
0 n>2 k=1 D ii4eetip=n—1
Modulo the switch from [+, -] to the opposite bracket [z, y]°P := [y, ], this is precisely the recursive

expansion given by Magnus, see [20, 17|, for the solution of the differential equation d—eMOO(S) =

eM=(9)](s) in the enveloping algebra (g°), compare with Proposition 3.4. By the previous
theorem, we also find

—_1)40
Moo(s) = Z / <,’,32 Z %U(to(l))f" 7[l(to(n1))’l(tcr(n))]”']> dty---dty.

210t <<t <s s ()

This formula for the Magnus expansion was found by Mielnik and Plabariski [23].
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Appendix A: Review of A, and L. algebras

We briefly describe our terminology and notations concerning A, and L., algebras. In Appendix
B we shall review in more detail some results concerning C'», algebras.

e The suspension endofunctor s maps a graded vector space V to its suspension sV, whose
component (sV)? in degree i € Z is V1.

o T(V)=@D,~,; T"(V) denotes the reduced tensor coalgebra on a graded vector space, with
the deconcatenation coproduct A : T(V) — T(V) @ T(V),

n—1
A @ ®@zp) = (3100 3;) @ (Tip1 @+ D ap).
i=1
It is the cofree object over V' in the category of coassociative, locally conilpotent (i.e., the
union of the kernels of the iterated coproducts is exhaustive) graded coalgebras.

e We denote by S, the n’th symmetric group. Given an integer n > 1 and an ordered
partition i; +- - - + i = n, we denote by S(i1,...,ix) C Sy the set of (i1, ..., ig)-unshuffles,
i.e., permutations o € S, such that o(i) < o(i + 1) for ¢ # i1,i1 +d2,...,01 + -+ + ix_1.

e The symmetric group Sy, acts on T™(V) by o(21 ® -+ ® zn) = €(0)To(1) @+ @ Ty(n),
where e(0) = e(0;x1,...,2y) is the usual Koszul sign. We denote the space of coinvariants
either by S™(V) or by O"(V), and by x1 ® - - - ® x,, the image of 71 ® - -+ ® x,, under the
natural projection T7"(V') — S™(V'). The reduced symmetric coalgebra over V is the space
S(V)=@D,~, S"(V), with the unshuffle coproduct

n—1

A1 O Ox,) = Y 0) (@) @ O To() ® (To(ir1) O+ O Ta(n))-
1 oeS(i,n—1)

]

This is the cofree, coassociative, cocommutative and locally conilpotent graded coalgebra
over V.

e Let (C,A) be a graded coalgebra. A map @ : (C,A) — (C,A) of degree 1 is a codifferential
ifQo@=0and AoQ = (Q ®id+1id ® @) o A hold true.

e An A, algebra structure on a graded vector space V is a codifferential @) of the graded
coalgebra (T(sV), A). Similarly, an L., algebra structure on V is a codifferential @ of the
graded coalgebra (S(sV), A).

e A morphism of A, algebras from A, algebra V to A, algebra W is a morphism of the
corresponding dg coalgebras F : (T(sV), A, Qv) — (T(sW), A, Qw). In the same manner
one defines morphisms of L., algebras.

e An A, algebra structure () on V is determined by its Taylor coefficients (@Qy,)n>1, which

are the maps given by

T(sV) — = T(sV) —2=T(sV) — = T (sV) = sV.

Moreover, a morphism F of A, algebras from V to W is determined by its Taylor coeffi-
cients Fy, : T"(sV') — sW, which are defined in the same manner as the Taylor coefficients
of an A, algebra structure. The n’th Taylor coefficient of the composition G o F' of two
morphisms of Ay, algebras F': V — W and G : W — U reads

(GOF)n:i Z GkO(Fi1®“'®Fik)~

k=1i14+ir=n
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e Similarly, an L., algebra structure @ on V is determined by its Taylor coefficients @, :
O"(sV) = sV, for n > 1, and a Ly algebra morphism F' from V to W is determined by
its Taylor coefficients F,, : " (sV) — sW.

e A morphism of A, algebras, respectively Lo, algebras, is called a quasi-isomorphism if its
first Taylor coefficient induces an isomorphism on cohomology.

e The category of dg algebras embeds into the category of A, algebra via the embedding

(147'7d) = (j;(514)762)7

where @ is the coderivation whose non-trivial Taylor coefficients are Q1 (sa) = —s(da) and
Q2(sa @ sb) = (—1)l%ls(a - b). Similar formulas define an embedding of the category of dg
Lie algebras into the category of L., algebras.

e The forgetful functor from dg associative algebras to dg Lie algebras admits the following
higher generalization. Given a graded vector space V', we denote by sym,,, n > 1, the maps

sym,, : S"(sV) - T"(sV), szr1®- - O sz, — Z £(0)8T4(1) ® -+ - @ 8Tg(y).-
gES,
If Q,: T"(sV) — sV, n > 1, are the Taylor coefficients of an A, algebra structure
on V, then the @, o sym,, : S"(sV) — sV are the Taylor coefficients of an L, algebra
structure sym(Q) on V. Similarly, if F}, : T"(sV) — sW are the Taylor coefficients of an
Ao morphism F : (V,Qv) — (W,Qw), then F, osym,, : S"(sV) — sW are the Taylor
coefficients of an Lo, morphism sym(F) : (V,sym(Qv)) — (W,sym(Qw)). This defines
the symmetrization functor from the category of A, algebras to the one of L., algebras.

Appendix B: Review of C, algebras

Cso algebra structures are A, algebra structures which are compatible with the shuffle product
on the reduced tensor coalgebra. To be precise, the reduced tensor coalgebra (T'(V),A) can be
equipped with the structure of a graded bialgebra by introducing the shuffle product

(0@ Qu) ® (1@ Q) = Y E(0)y1(1) @+ B Vpm1(y),
o€5(p,q)

where S(p, q) is the set of (p, ¢)-unshuffles, i.e. a permutation o of {1,...,n} such that o(i) <
o(i+1) for all i # p.

Definition B.1. A C, algebra structure on a graded space V is a dg bialgebra structure @ :
T(sV) — T(sV) on the graded bialgebra (T(sV),A,®). A Cs morphism F : V. — W between
Cs algebras V and W is a morphism of dg bialgebras F : T(sV) — T (sW).

Let (C,Ac,m¢) and (D, Ap, mp) be graded bialgebras with coproducts A¢, Ap and prod-
ucts me, mp respectively. Recall that given a morphism F : (C,A¢) — (D,Ap) of graded
coalgebras, a linear map R : C' — D is an F-coderivation if it satisfies the identity ApR =
(R® F+ F ® R)Ac. Similarly, given a morphism of graded algebras F': (C,m¢) — (D,mp), a
linear map R : C' — D is an F-derivation if it satisfies the identity Rm¢c = mp(R® F + F ® R).
Finally, given a morphism of graded bialgebras F' : (C,A¢,m¢) — (D,Ap,mp), a linear map
R : C — D is an F-biderivation if it is both an F-coderivation and an F-derivation. When
F = id¢ we recover the usual definition of a (resp.: co, bi)derivation on C. The proof of the
following lemma is a straightforward verification.
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Lemma B.2. Given a morphism of (resp.: co, bi)algebras F : C — D and (resp.: co, bi)derivations
Q:C—C,Q :D— D, then the maps FQ,Q'F : C — D are F-(resp.: co, bi)derivations.

We say that a graded coalgebra (C, A¢) is locally conilpotent if C' = J, - ker(Ag), where
A C — C®"*1 s the iterated coproduct. Recall that (T'(V'), A) is the cofree Tocally conilpotent
graded coalgebra over V: in particular, if C is locally conilpotent every morphism of graded
coalgebras F' : C — T(V) (resp.: every F-coderivation R : C — T(V)) is determined by its
corestriction pF : C — V (resp.: pR : C — V), where we denote by p : T(V) — V the natural
projection. This applies to C' = T(V) ® T(V), equipped with the induced (locally conilpotent)
coalgebra structure: in particular, the shuffle product ® : T(V) ® T(V) — T(V) is the only
morphism of graded coalgebras with vanishing corestriction 0 = p&® : T(V)QT(V) = T(V) & V.

Lemma B.3. A coderivation Q : T(V) — T (V) of a reduced tensor coalgebra is also a derivation
with respect to the shuffle product ® if and only if its Taylor coefficients @, : VO™ — V wvanish
on the image of ®.

Proof. We have to show Q® = ®(Q ® id +id ®Q). Since both the left and the right hand side
are ®-coderivations by Lemma B.2, it suffices to show that they have the same corestriction: as
p® = 0, this happens if and only if the composition T(V) @ T(V) = T(V) <, T(V) L v also

vanishes. m

Lemma B.4. A morphism of graded coalgebras F : (T(V),A) — (T (W), A) is also a morphism
of graded bialgebras if and only if its Taylor coefficients Fy, : VO™ — W wvanish on the image of
the shuffle product.

Proof. As for the previous lemma, the two morphisms of graded locally conilpotent coalgebras
®F @F),F®:T(V)®T(V) — T(W) coincide if and only if they have the same corestriction
if and only if the composition T(V) @ T(V) 2 T(V) KR T(W) % W vanishes. O

Given an Ay algebra V', whose Taylor coefficients are (Q;)i>1, and contraction data

F
(sW —=sV ,K).

Gt

The usual Ay, homotopy transfer theorem — see [16, 22| — tells us that the maps R, : sSW®" — sW
(where R; is the differential on sW) and F, : sSW®™ — sV defined recursively by

n n
=2 =2
where F, =30\ o Fjy @~ ® Fj, : sSW®" — sV are respectively the Taylor coefficients

of an A, algebra structure on W and an A, quasi-isomorphism F : W — V.

Theorem B.5. Under the above hypotheses, if V is a Cs algebra then R,, F, as in formula
(3) are the Taylor coefficients of a Cs algebra structure on sW and a Cs quasi-isomorphism
respectively.

This result was established by Cheng and Getzler |7] with a different proof.
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Proof. Suppose inductively we have shown that R;, F; vanish on the image of the shuffle product
for all i < n, the induction starting at n = 2 where it is trivial: then the morphism of graded
coalgebras F,, : T(sW) — T(sV) with Taylor coefficients (F,,); = F; if i < n and (F<,); = 0
if ¢ > n, is also a morphism of graded bialgebras. Moreover, since V is a Cy algebra the
coderivation Q>s : T(sV) — T(sV) with vanishing linear part (Q>2); = 0 and the same higher
Taylor coefficients as @), (@>2); = Q; if i > 2, is also a biderivation. Both statements follow by the
previous two lemmas. Finally, R, and F}, are respectively the composition with G; : sV — sW
and K : sV — sV of the map

sW®" — T(sW) Leny T(sV) N T(sV) 5 sV,
and the latter vanishes on the image of the shuffle product: in fact, so does the corestriction
map p : T(sV) — sV, and by Lemma B.2 the composition Q>oF<,, : T(sW) — T(sV) is an
F_,-biderivation, hence it sends the image of the shuffle product in T(sW) into the image of the
shuffle product in T(sV). O
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